Abstract. We consider a deterministic discrete-time model of a perfectly contagious disease spreading on a graph and the problem of minimizing the number of infected individuals when allowed one vaccination per time step. This model of disease spread is equivalent to a model of fire spread introduced by Hartnell [1995] . MacGillivray and Wang [2003] introduced an integer program to determine an optimal sequence of vaccinations or firefighter responses when the graph is a tree. We present additional constraints to the integer program that in practice narrow the integrality gap between the integer programming optimal and the optimal of the linear programming relaxation.
Introduction
Traditionally, epidemiological models assume that the population being studied is well-mixed in the sense that any pair of individuals are just as likely to come in contact and transmit a disease as any other. Some recent models [2, 3, 10] , however, attempt to include information on which individuals come in contact. The mathematical structure of graphs are ideally suited to encode these relationships, where vertices in a graph represent individuals, and edges represent the potential for transmission of the disease between two individuals.
In this work we focus on a deterministic model of disease spread and how it behaves when interventions are occurring. We consider the most simple spread mechanism: that of a perfectly contagious disease with no cure, where vertices adjacent to infected vertices become infected at every discrete time step and, once infected, remain infected from then on. The response allowed is only a limited number of vaccinations of non-infected vertices. Specifically, let G be a connected graph where the vertices represent people and the edge uv indicates that persons u and v would transmit a disease from one person to another if one person became infected. At time t = 0, an outbreak of disease occurs at a root vertex. Public health officials immediately respond, vaccinating the vertices a 1,1 , a 1,2 , . . . , a 1,c1 at time t = 1. The disease then spreads to every non-vaccinated neighbor of an infected vertex. There is another set of vaccinations a 2,1 , . . . , a 2,c2 at time t = 2, and the disease spreads again. This process continues until the disease can no longer spread; in other words, that all of the neighbors of infected vertices are either themselves infected or vaccinated. The main question we will investigate is finding an optimal strategy for vaccinating in order to minimize the total number of infected vertices when G is a tree and there is only one vaccination allowed per time step.
The model of disease spread just presented is equivalent to a model of fire spread introduced by Hartnell [7] . In this model, an outbreak of fire starts at the root vertex at time t = 0. In response, firefighters are placed at the vertices a 1,1 , a 1,2 , . . . , a 1,c1 at time t = 1, where the firefighters defend or protect each vertex from the spreading fire. The fire then spreads from burning vertices to non-defended neighbors. Firefighters are again deployed to defend the vertices a 2,1 , . . . , a 2,c2 at time t = 2 (the vertices a 1,1 , a 1,2 , . . . , a 1,c1 remain defended), and the fire spreads again. The process continues until the fire can no longer spread. We say that the fire outbreak is contained after t time steps if there is some finite time t such that after the disease spreads during time t, only a finite number of vertices are burnt and the disease can no longer spread. The motivating question is again to find an optimal sequence of defended vertices that minimizes the total number of burnt vertices.
When presenting our results, we will use the terminology of firefighters. During the t th time step for t > 0, firefighters are deployed and then the fire spreads. A firefighter may defend neither a burnt vertex nor a previously defended vertex. Once fire has spread to a vertex v, we say that v is a burnt vertex. After being burnt or defended, a vertex remains in that state until the process ends. In addition to the burnt and defended vertices, we say that a vertex v is saved at the end of the t th time step if there is no path from v to the root consisting only of burnt and non-defended vertices at the end of the t th time step. Thus, our motivating question is equivalent to maximizing the number of saved vertices.
Several results are known about this model. Wang and Moeller [11] , Fogarty [6] , MacGillivray and Wang [9] , and Develin and Hartke [1] studied various classes of graphs, particularly grids. Finbow, Hartnell, Li, and Schmeisser [4] determine the graphs that have the lowest number of expected burnt vertices when the initial root vertex where the fire outbreak begins is random.
Here we will concentrate our attention on trees. Trees form a natural class of graphs on which to consider the vaccination and firefighter problems because each defended vertex immediately saves its descendants. The low connectivity of trees means they are not as relevant in modeling the interaction of individuals. However, if each vertex represents a larger group that is internally well-connected and has few connections to other groups, then a tree structure is more reasonable. Such examples arise in disease models when considering a household as one vertex. If one individual contracts the disease, then all of the other members of his or her household are very likely to also contract the disease and become infectious. Thus it is reasonable to treat the household as a single unit.
Finbow, King, MacGillivray, and Rizzi [5] showed that the firefighter problem is NP-complete for trees of maximum degree three. Hence we are mainly concerned with approximations for the firefighter problem. Hartnell and Li [8] showed that the greedy algorithm on trees always saves at least 1/2 as many vertices as an optimal sequence of firefighter placements, and that this bound is tight. MacGillivray and Wang [9] presented an integer program for the firefighter problem on trees, and our focus here is the linear programming relaxation of their integer program. We present additional constraints that narrow the integrality gap between the integer programming optimal and the optimal of the linear programming relaxation.
Trees
We consider the firefighter problem on trees when only one vertex can be defended by a firefighter per time
Recall that the vertices in a tree at distance i from the root r are said to be on level i. The following is a straightforward observation. We now present MacGillivray and Wang's integer program for finding an optimal firefighter sequence a 1 , a 2 , . . . for a tree. To each vertex v we associate a boolean variable x(v) that indicates whether v is defended by a firefighter, and we wish to maximize the total number of vertices saved. Let the weight wt(v) of v denote the number of vertices saved by a firefighter defending v. Thus, wt(v) is equal to the number of descendants of v plus 1. To ensure that no double-counting occurs in the objective function, we require that no vertex be defended that is already saved. We enforce this requirement by adding the constraint that the sum of x(v) for all ancestors v of a given vertex u and including u is at most 1. It is sufficient to add this constraint only for leaf vertices, since if u is a leaf, then the constraint for all ancestors of u is implied by the constraint for u. Lemma 2.1 gives the constraint that the sum of x(v) for all of the v on a given level is at most 1. We thus have the following integer program. Here, we write v ≻ u or u ≺ v if v is an ancestor of u, and we write v u or u v if v is an ancestor of u or if v = u.
x(v) ∈ {0, 1}, for each vertex v.
By relaxing condition (3) that x(v) is boolean we obtain a linear program. The linear programming (LP) optimal m * provides an upper bound to the integer programming (IP) optimal m. In general, the linear program does not have an integral optimal, and so the LP optimal is strictly greater than the IP optimal. Figure 1 shows an example where this occurs. It is an open question to bound the size of the "integrality gap," the difference between the linear programming and integer programming optimals. In this example on 13 vertices, the LP optimal is 8.5, whereas the IP optimal is 8. The nonzero values of x(v) for the LP optimal solution appear next to the vertices, and the optimal firefighter sequence is indicated with black vertices.
MacGillivray and Wang showed that by adding the non-linear constraints x(v)x(u) = 0 for every non-root vertex v and every descendant u of v, then the optimal solution is integral. In general, solving such a non-linear optimization problem is hard. We take a different approach: by adding additional constraints, we will attempt to narrow the integrality gap.
The effect of the leaf constraint (2) is that if a vertex v is defended, then none of v's descendants can also be defended. It is tempting to instead use the constraint
However, constraint (4) is too restrictive, since it also forbids two descendants on different levels being defended when v is not defended. A weaker approach is to only include in the constraint descendants that are themselves mutually exclusive. All of v's descendants on a given level is one such set. Thus, we add the constraint
x(v) ≤ 1, for each vertex u and each level i below u.
Note that with this constraint, we still need the leaf constraint. When using constraint (5) on the tree shown in Figure 1 , the LP optimal is the same as the IP optimal. However, Figure 2 shows an example where there is still an integrality gap using constraint (5) . The tree shown in Figure 2 does suggest adding u's ancestors into the summation as well. Thus, we have the constraint When using constraint (6) on the tree in Figure 2 , the LP optimal is the same as the IP optimal. However, Figure 3 shows an example where there is still an integrality gap using constraint (6) . In this example on 12 vertices, the LP optimal when using constraint (5) is 7.5, whereas the IP optimal is 7. The nonzero values of x(v) for the LP optimal solution appear next to the vertices, and the optimal vaccination sequence is indicated with black vertices. Figure 3 . In this example on 13 vertices, the LP optimal when using constraint (6) is 7.5, whereas the IP optimal is 7. The nonzero values of x(v) for the LP optimal solution appear next to the vertices, and the optimal vaccination sequence is indicated with black vertices.
For small trees, the LP optimal when using constraint (6) is the IP optimal. In fact, we have verified this by computer for trees with up to 11 vertices. We are thus led to Conjecture 2.2. The tree in Figure 3 is the smallest tree such that the LP optimal when using constraint (6) is not the IP optimal.
To verify the conjecture, only trees with 12 vertices still need to be examined. For large trees, the LP optimal is very often the IP optimal, and when different is very close. This observation is based on computer experimentation. Approximately 1.68 million trees with 100 vertices were randomly generated, and the LP optimal of MacGillivray and Wang's program, the LP optimal with constraint (6), and the IP optimal were calculated. A random tree is generated by starting with the root vertex and adding vertices one at a time, where a vertex is connected to a vertex in the existing tree chosen uniformly at random. Of these trees, 5.22% had the LP optimal of MacGillivray and Wang's program greater than the IP optimal, and the difference was at most 6.34% of the IP optimal. When using constraint (6), 0.70% had the LP optimal greater than the IP optimal, and the difference was at most 3.73% of the IP optimal. This data leads us to Conjecture 2.3. The ratio of the LP optimal to the IP optimal, with or without constraint (6) , is bounded for all trees.
Conclusion
Linear programming provides an upper bound in the firefighter problem on trees, and hence on the number of people that can be saved in the vaccination problem on trees. As mentioned in the introduction, trees are not as relevant in modeling the interaction of individuals because of their low connectivity. However, if each vertex represents a larger group that is internally well-connected and has few connections to other groups, then a tree structure is more reasonable. Although we do not have provable bounds on how close the LP optimal is to the IP optimal, the LP optimal does still provide an upper bound on the number of people that can be saved and experimental data suggests that this estimate is usually quite close. Such information is certainly of interest to public health officials who are interested in the number of people who become infected despite an optimal vaccination response.
One of the two main challenges in using this method is that the social network must be a tree. However, insights into the LP and IP optimals on trees may give insights on how to formulate and solve the vaccination problem on general graphs. The other main challenge is that the optimal solution to the linear program gives little information about the optimal solution for the integer program. Different methods of rounding can be used to convert the linear programming solution to an integral solution, but the produced integral solution may not be optimal and experimentally is usually quite poor. Devising a rounding scheme that produces a provably good integral solution would be one way to prove bounds on the integrality gap.
